Abstract-Extreme learning machine (ELM) was initially proposed for single-hidden-layer feedforward neural networks (SLFNs). In the hidden layer (feature mapping), nodes are randomly generated independently of training data. Furthermore, a unified ELM was proposed, providing a single framework to simplify and unify different learning methods, such as SLFNs, least square support vector machines, proximal support vector machines, and so on. However, the solution of unified ELM is dense, and thus, usually plenty of storage space and testing time are required for large-scale applications. In this paper, a sparse ELM is proposed as an alternative solution for classification, reducing storage space and testing time. In addition, unified ELM obtains the solution by matrix inversion, whose computational complexity is between quadratic and cubic with respect to the training size. It still requires plenty of training time for large-scale problems, even though it is much faster than many other traditional methods. In this paper, an efficient training algorithm is specifically developed for sparse ELM. The quadratic programming problem involved in sparse ELM is divided into a series of smallest possible sub-problems, each of which are solved analytically. Compared with SVM, sparse ELM obtains better generalization performance with much faster training speed. Compared with unified ELM, sparse ELM achieves similar generalization performance for binary classification applications, and when dealing with large-scale binary classification problems, sparse ELM realizes even faster training speed than unified ELM.
I. Introduction E XTREME learning machine (ELM) was initially proposed for single-hidden-layer feedforward neural networks (SLFNs) [1] [2] [3] . Extensions have been made to generalized SLFNs, which may not be neuron alike, including SVM, polynomial networks, and traditional SLFNs [4] [5] [6] [7] [8] [9] [10] [11] . For the initial ELM implementation where x ∈ R d , h(x) ∈ R 1×L , β ∈ R L . f (x) is the output; x is the input; h(x) is the hidden layer; and β is the weight vector between the hidden nodes and output node. Hidden nodes are randomly generated and β is analytically calculated, trying to reach the smallest training error and the smallest norm of output weights. It has been shown that ELM can handle regression and classification problems efficiently.
Support vector machine (SVM) and its variants, such as least square SVM (LS-SVM), proximal SVM (PSVM), have been widely used for classification in the past two decades due to their good generalization capability [12] [13] [14] . In SVM, input data are first transformed into a higher dimensional space through a feature mapping φ : x → φ(x) . Optimization method is used to find the optimal separating hyperplane. From the perspective of network architecture, SVM is a specific type of SLFN referred to as support vector network in [12] . The hidden nodes are K(x, x s ), and the output weight is [α 1 
t 1 , · · · , α N s t N s ]
T . x s is the s-th support vector and α s , t s are respectively Lagrange variable and class label of x s .
In the conventional SVM [12] , primal problem is constructed with inequality constraints, leading to a quadratic programming (QP) problem. The computation is extremely intensive, especially for large-scale problems. Thus, variants such as LS-SVM [14] and PSVM [13] have been suggested. In LS-SVM and PSVM, equality constraints are utilized. The solution is generated by matrix inversion, reducing computational complexity significantly. However, the sparsity of the network is lost, resulting in a more complicated network with more storage space and longer testing time.
Many works have been done since the initial ELM [3] . In [15] , a unified ELM was proposed, in which both kernels and random hidden nodes can work for the feature mapping. It provides a unified framework to simplify and unify different learning methods, including LS-SVM, PSVM, feedforward neural networks, and so on. However, the sparsity is lost as equality constraints like LS-SVM/PSVM are used.
In [16] , an optimization method based ELM was proposed for classification. And as inequality constraints are adopted, a sparse network is constructed. However, [16] only discusses random hidden nodes as the feature mapping although kernels can be used as well.
In this paper, a comprehensive sparse ELM is proposed, in which both kernels and random hidden nodes work. Furthermore, it is shown that sparse ELM also unifies different learning theories of classification, including SLFNs, SVM and RBF networks. Compared with unified ELM, a more compact network is provided by the proposed sparse ELM, which reduces storage space and testing time.
Furthermore, a specific training algorithm is developed in this paper. Comparing to SVM, sparse ELM does not have the constraint
in the dual problem. Thus, sparse ELM searches for the optimal solution in a wider range than SVM does. Better generalization performance is expected.
Inspired by sequential minimal optimization (SMO), which is one of the easiest implementations of SVM [17] , the large QP problem of sparse ELM is also divided into a series of smallest possible sub-QP problems. In SMO, each subproblem includes two Lagrange variables (α i 's), because the sum constraint
should be satisfied all the times. However, in sparse ELM, each sub-problem only needs to update one α i as the sum constraint has vanished. Sparse ELM is based on iterative computation, while unified ELM is based on matrix inversion. Thus, when dealing with large problems, the training speed of sparse ELM could be faster than that of unified ELM. Consequently, sparse ELM is promising for growing-scale problems due to its faster training and testing speed, and less storage space.
The paper is organized as follows. In Section II, we give a brief introduction to SVM and its variants. Inequality and equality constraints would respectively lead to sparse and dense networks. In Section III, former works about ELM are briefed, including initial ELM with random hidden nodes and unified ELM. In Section IV, a sparse ELM for classification is proposed and proved to unify several classification methods. In Section V, the training algorithm for sparse ELM is presented, including optimality conditions, termination, convergence analysis and etc. In Section VI, the performance comparison between sparse ELM, unified ELM and SVM is conducted over some benchmark data sets.
II. Briefs of SVM and variants
The conventional SVM was proposed by Cortes and Vapnik for classification [12] , and it was considered as a specific type of SLFNs. Some variants have been suggested for fast implementation, regression or multiclass classification [13] , [14] , [18] [19] [20] [21] . There are two main stages in SVM and its variants.
A. Feature mapping
Given a training data set (x i , t i ), i = 1, · · · , N, x i ∈ R d and t i ∈ {−1, 1}. Normally, it is non-separable in the input space. Thus, a nonlinear feature mapping is needed
B. Optimization
Optimization method is used to find the optimal hyperplane, which maximizes the separating margin and minimizes the training errors at the same time. Inequality and equality constraints could be used. 1) Inequality Constraints: In conventional SVM, inequality constraints are used to construct the primal problem
where C is a user-specified parameter that controls the trade-off between maximal separating margin and minimal training errors. According to KKT theorem [22] , the primal problem could be solved through its dual form
Subject to:
is often used since dealing with φ explicitly is sometimes quite difficult. Kernel K should satisfy Mercer's conditions [12] .
2) Equality Constraints: In LS-SVM and PSVM, equality constraints are used. After optimization, the dual problem is a set of linear equations. Solution is obtained by matrix inversion. The only difference between LS-SVM and PSVM is about how to use bias b. As will be elaborated later that bias b is discarded in sparse ELM, we only need to review either of them. At here, we take PSVM as an example.
The primal problem is
The final solution is
For both cases, the decision function is
where x s is support vector (SV) and N s is the number of SVs. For conventional SVM which has inequality constraints, many Lagrange variables (α i 's) are zero. Thus, a sparse network is provided. However, for LS-SVM/PSVM, almost all Lagrange variables are non-zero. Thus, the network is dense, requiring more storage space and testing time.
III. Introduction of ELM ELM was first proposed by Huang et al. [1] , [3] for SLFNs, and then extended to generalized SLFNs [4] [5] [6] [7] . Its universal approximation ability has been proved in [2] . In [15] , a unified ELM was proposed, providing a single framework for different networks and different applications.
A. Initial ELM with Random Hidden Nodes
In the initial ELM, hidden nodes are generated randomly and only the weight vector between hidden and output nodes needs to be calculated [3] . Much fewer parameters need to be adjusted than traditional SLFNs, and thus the training can be much faster.
Given a set of training data (x i , t i ), i = 1, · · · , N. ELM could have single or multiple output nodes. For simplicity, we introduce the case with single output node. H and T are respectively hidden layer matrix and output matrix
. . .
The essence of ELM is that the hidden nodes of SLFNs can be randomly generated. They can be independent of the training data. The output weight β can be obtained in different ways [2] , [3] , [23] . For example, a simple way is to obtain the following smallest norm least-squares solution [3] 
where H † is the Moore-Penrose generalized inverse of H.
B. Unified ELM
Liu et al. [5] and Frenay and Verleysen [7] suggested to replace SVM feature mapping with ELM random hidden nodes (or normalized random hidden nodes). In this way, feature mapping would be known to users and explicitly dealt with. However, except for feature mapping, all constraints, bias b, calculation of weight vector and training algorithm are the same with SVM. Thus, only comparable performance and training speed are achieved.
In [15] , a unified ELM is proposed for regression and classification, combining different kinds of networks together, such as SLFNs, LS-SVM and PSVM. As proved in [2] , ELM has universal approximation ability. Thus, the separating hyperplane tends to pass through the origin in the feature space and bias b can be discarded.
Similar to the initial ELM, unified ELM could have single or multiple output nodes. For the single output node case
The output function of the unified ELM is
1) Random Hidden Nodes:
The hidden nodes of SLFNs can be randomly generated, resulting in random feature mapping h(x), which is explicitly known to users. 2) Kernel: When the hidden nodes are unknown, kernels satisfying Mercer's conditions could be used
where ELM is called ELM kernel matrix. In unified ELM, most errors ξ i 's are non-zero (positive or negative) to make the equality constraint h(x i )β = t i − ξ i satisfied for all training data. As Lagrange variables α i 's are proportional to corresponding ξ i 's (α i = Cξ i ), almost all α i 's are non-zero. Therefore, unified ELM provides a dense network and requires more storage space and testing time comparing to a sparse one.
IV. Sparse ELM for Classification
In [16] , an optimization method based ELM was first proposed for classification. A sparse network is obtained as inequality constraints are used. However, only the case where random hidden nodes are used as the feature mapping is studied in details.
In this section, we present a comprehensive sparse ELM, in which both kernels and random hidden nodes work. In addition, we show that sparse ELM also unifies different classification methods, including SLFNs, conventional SVM, and RBF networks.
A. Problem Formulation

1)
Feature Mapping: At first, a feature mapping from input space to a higher dimensional space is needed. It could be randomly generated. When the feature mapping h(x) is not explicitly known or inconvenient to use, kernels also apply as long as satisfying Mercer's conditions.
2) Optimization: As proved in [15] , given any disjoint regions in R d , there exists a continuous function f (x) being able to separate them. ELM has universal approximation capability [2] . In other words, given any target function f (x), there exist
Thus, bias b as in conventional SVM is not required. However, the number of hidden nodes L cannot be infinite in real implementation. Hence, training errors ξ i 's should be allowed. Overfitting could be well solved by minimizing both empirical errors theories of statistical learning [24] , and a great generalization performance would be presented. Inequality constraints are used, and the primal problem is constructed as follows:
The Lagrange function is
At the optimal solution, we have
Substitute the results of (16) into (15), we obtain the dual form of sparse ELM
where ELM is the ELM kernel matrix
Therefore, the output of sparse ELM is
where x s is support vector (SV), and N s is the number of SVs.
B. Sparsity Analysis
KKT conditions are
Lagrange variables of SVs are non-zero. There exist two possibilities.
In this case, the data is on the separating boundary.
In this case, the data is classified with error. Remarks: Different from unified ELM, in which most errors ξ i 's are non-zero, in sparse ELM, errors ξ i 's are non-zero only when the inequality constraint t i h(x i )β − 1 > 0 are not met.
Considering the general distribution of all training data for sparse ELM, only a part of them would be on the boundary or classified with errors. Thus, only some training data are SVs.
As seen from Fig. 1 , sparse ELM provides a compact dual network as non-SVs are excluded. For the primal network, it remains the same because the number of hidden nodes L is fixed once chosen. However, sparsity also simplifies the computation of β as fewer components exist as in (16) . Hence, less computation is required in the testing phase. In addition, only SVs and corresponding Lagrange variables need to be stored in memory. Consequently, compared with unified ELM, sparse ELM needs less storage space and testing time.
C. Unified Framework for Different Learning Theories
As observed from Fig. 1 , the primal network of sparse ELM shares the same structure with generalized SLFNs. And the dual network of sparse ELM is as the same as the dual of SVM (support vector network) [12] . In addition, both RBF kernels and RBF hidden nodes can be used in sparse ELM.
Therefore
D. ELM Kernel Matrix ELM
Similar to the unified ELM [15] , sparse ELM can use random hidden nodes or kernels. For the sake of readability, we present them in the following.
1) Random Hidden Nodes: ELM is calculated from random hidden nodes directly
where G is the activation function and a i , b i are parameters from input to hidden layer that are randomly generated. G needs to satisfy ELM universal approximation conditions [2] ELM = HH T .
Two types of nodes could be used: additive nodes and RBF nodes. In the following, the former two are additive nodes and the latter two are RBF nodes. a) Sigmoid function
c) Multiquadric function
2) Kernel: ELM could also be evaluated by kernels as in (18) . Mercer's conditions must be satisfied. The kernel K could be, but not limited to the following. a) Gaussian kernel
b) Laplacian kernel
c) Polynomial kernel
Remark: If the output function G satisfies conditions mentioned in [2] , ELM has universal approximation ability. Many types of hidden nodes would work well. They can be generated randomly as in the initial ELM. They can also be generated according to some explicit or implicit relationships. When using an implicit relationship, h(x) is unknown. Kernel trick can then be adopted: K(x i , x j ) = h(x i ) · h(x j ), and the kernel K needs to satisfy Mercer's conditions. Theorem 1: Dual problem of sparse ELM (17) is convex. 
where ∇ 2 L d is positive semi-definite. 2) When ELM is evaluated from kernels, Mercer's conditions ensure that ELM is positive semi-definite. Therefore,
is a convex function. Therefore, dual problem of sparse ELM is convex.
V. Training Algorithm of Sparse ELM
Similar to conventional SVM, sparse ELM is essentially a QP problem. The only difference between them is that sparse ELM does not have the sum constraint
Better generalization performance is expected as the optimal solution is searched within a wider range. In addition, as fewer constraint needs to be satisfied, the training would be easier as well. However, early works only discussed sparse ELM theoretically [16] . The same implementation, usually the sequential minimal optimization (SMO) as proposed in [17] , is used to obtain the solution of sparse ELM. The advantage of sparse ELM is not well explored. In this section, a new training algorithm is specifically developed for sparse ELM.
At first, let us take a review at Platt's SMO algorithm. The basic idea of SMO is to break the large QP problem into a series of smallest possible sub-QP problems, and to solve one sub-problem in each iteration. Time-consuming numerical optimization is avoided because these sub-problems could be solved analytically. Since sum constraint In sparse ELM, only one Lagrange variable needs to be updated in each iteration, since the sum constraint has vanished. The training algorithm of sparse ELM is based on iterative computation. However, in unified ELM, matrix inversion is utilized to generate the solution and the complexity is between quadratic and cubic with respect to the training size. Thus, training speed of sparse ELM is expected to become faster than that of unified ELM when the size grows. In addition, sparse ELM achieves faster testing speed and requires less storage space for problems of all scales. Consequently, sparse ELM is quite promising for growing-scale problems, such as neuroscience, image processing, data compression, and so on.
A. Optimality Conditions
Optimality conditions are used to determine if the optimal solution has been generated or not. If they are satisfied, the optimal solution is obtained, and vice versa.
Based on KKT conditions (20), we have three cases as follows.
B. Improvement Strategy
Improvement strategy decides how to decrease the objective function when optimality conditions are not fully satisfied.
Suppose α c is chosen to be updated at the current iteration based on the selection criteria to be introduced later. Then, the first-and second-order partial derivatives of objective function L d with respect to α c would be
According to Theorem 1, dual problem of sparse ELM is a convex quadratic one. Thus, the global minimum exists and is achieved at α * c [25] 
ELM (x c , x c ). 
The Lagrange variable corresponding to the minimal selection parameter is chosen to be updated Proof: In the training process, at least one data violates the optimality conditions. Otherwise, the optimal solution has been generated and the training algorithm would be terminated. Assuming the data corresponding to α v , violates the optimality conditions given before. Three possible cases are given below.
J i is always negative in the training process and L d will decrease after every iteration.
D. Termination
The algorithm is based on iterative computation. Thus, the KKT conditions cannot be satisfied exactly. In fact, KKT conditions only need to be satisfied within a tolerance ε. According to [17] , ε = 10 −3 could ensure great accuracy. When min i=1,...,N (J i ) > −ε, KKT conditions are fulfilled within a tolerance ε, and the training algorithm is terminated.
E. Convergence Analysis
Theorem 3: Training algorithm proposed in this paper will converge to the global optimal solution in a finite number of iterations.
Proof: As proved in Theorem 1, dual problem of sparse ELM is a convex QP problem. At every iteration, the chosen Lagrange variable α c violated optimality conditions before the update, and as proved in Theorem 2, the update of α c will make the objective function L d monotonically decrease definitely.
In addition, Lagrange variables are all bounded within [0, C] N . According to Osuna's theorem [26] , the algorithm is convergent to the global optimal solution in a finite number of iterations.
F. Training Algorithm
The training algorithm is summarized in Algorithm 1. In the table, g denotes the gradient of L d , where
Algorithm 1 Sparse ELM for classification
Problem formulation: Given a set of training data {x i , t i |x i ∈ R d , t i ∈ {1, −1}, i = 1, ..., N}, obtain the QP problem with an appropriate ELM kernel matrix ELM and parameter C as in (17) . 
VI. Performance Evaluation
In this section, the performance of sparse ELM is evaluated and compared with SVM and unified ELM on some benchmark data sets. All the datasets except for COD RNA are evaluated with MATLAB R2010b running in an Intel i5-2400 3.10 GHz CPU with 8.00 GB RAM. COD RNA dataset which needs more memory, marked with * in tables, is conducted in VIZ server with IBM system x3550 M3, dual quad-core Intel Xeon E5620 2.40 GHz CPU with 24.00 GB RAM. SVM and Kernel Methods MATLAB Toolbox [27] is used to implement SVM algorithms. Sparse ELM and training algorithm are originally developed for binary classification. For multiclass problems, oneagainst-one (OAO) method is adopted to combine several binary sparse ELM together. In order to conduct a fair comparison, multiclass classification of SVM also utilizes OAO method.
A. Data Sets Description
A wide types of data sets are used in experiments in order to obtain a thorough evaluation on the performance of sparse ELM. Binary and multiclass data sets are both included, which are of high or low dimensions, large or small sizes. These data sets are taken from UCI Repository, LIBSVM portal and etc [28] [29] [30] [31] [32] . Details are summarized in Tables I and II. 20 trials are conducted for each data set. In each trial, random permutation is performed within training data set and testing data set separately. Preprocessing is carried out for training data, making all attributes linearly scaled into [−1, 1] . And attributes of testing data would be scaled accordingly based on factors used in the scaling of training data. For binary classification, the label is either 1 or −1. For multiclass classification, the label is 1, 2, · · · , N, where N is the number of classes.
Data sets of colon cancer and Leukemia are originally taken from UCI repository. There are too many features. And they are not well selected. In order to obtain a better generalization performance for all these methods, feature selection is performed to these two data sets using the method proposed in [33] . 60 genes are selected from 2000 and 7129 ones respectively.
B. Influence of the Number of Hidden Nodes L
As stated before, L cannot be infinite in real implementation. Thus, training errors exist. It is expected that when L increases, training errors decrease. In addition, since overfitting has been well solved, testing errors are also expected to decrease with the increase of L.
As shown in Figs. 2 and 3, training and testing accuracies get better when L increases in all values of C. And after L gets big enough, training and testing performance remain almost In order to reduce human involvement, five-fold cross validation method is used to find a single L, which is large enough for all problems. In this paper, binary and multiclass problems are treated separately, and for all the cases reported, L = 200 for binary ones and L = 1000 for multiclass ones present great validation accuracy. As shown in Table III , the best parameters of C and σ or m are specified for each problem.
C. Parameter Specifications
Gaussian kernel K(u, v) = exp − u−v
D. Performance Comparison
Best parameters of C and σ or m chosen by cross validation method are used for training and testing. The results include average training and testing accuracy, standard deviation of (Tables VI and VII) obtains comparable generalization performance with SVM, some cases better and other cases worse. As for the training speed, sparse ELM is much faster, up to 500 times when the data set is large, for both kernel and random hidden nodes form. Comparable testing speed is achieved since both SVM and sparse ELM provide compact networks.
Comparing to unified ELM (Tables IV-VII) , similar generalization performance is achieved. When the data set is very small, training speed of sparse ELM is slower. However, this is not important since training speed is not the major concern when facing small problems. When the data set grows, training of sparse ELM becomes much faster than unified ELM, up to five times. In addition, sparse ELM requires less testing time for almost all data sets except very few cases, Colon (Gene Sel) and Leukemia (Gene Sel) with sigmoid hidden nodes. In these two cases, the size of training data is very small. Thus, even though sparse ELM provides a more compact network, the computations needed in the testing phase is only reduced slightly. And some unexpected perturbations in the computing might be account for the result.
2) Multiclass Problems: Compared with SVM, sparse ELM of kernel form (Gaussian and polynomial) obtains better generalization performance for most data sets. However, sparse ELM of random hidden nodes cannot achieve as great performance as SVM. The reason is that when dealing with multiclass problems, OAO method is utilized to combine several binary sparse ELM together. Due to the randomness in nature, the deviation of each binary sparse ELM of random hidden nodes is higher than that of corresponding binary SVM. And after combining these binary classifiers together, the effects of relatively high deviation are magnified, causing the decline of performance. In the aspect of training speed, sparse ELM is much faster than SVM, in both kernel and random hidden nodes form.
Compared with unified ELM (Tables IV-VII) , similar generalization performance is achieved. Unified ELM solves multiclass problems directly, while sparse ELM needs to combine several binary sparse ELM together by OAO method. Thus, it makes sparse ELM less advantageous than unified ELM in multiclass applications. For most data sets, unified ELM achieves faster training and testing speed. In addition, the deviation of training and testing accuracy of sparse ELM is much higher than that of unified ELM. Therefore, for multiclass problems, sparse ELM is sub-optimal to unified ELM.
3) Number of Support Vectors and Storage Space: Unified ELM deals with multiclass problems directly while both SVM and the sparse ELM adopt OAO method to combine several binary classifiers together. Thus, the number of total vectors are different. Therefore, when dealing with multiclass problems, the number of SVs of unified ELM is not compared with that of sparse ELM and SVM.
Observing from Table VIII , unified ELM provides a dense network as all vectors are SVs. The sparsity of SVM and the proposed sparse ELM may vary in different cases. However, generally speaking, the proposed ELM is sparse and provides a more compact network than unified ELM in all cases. And the storage space is proportional to the number of SVs. Therefore, less storage space is required by sparse ELM. VII. Conclusion ELM was initially proposed for SLFNs. Both regression and classification problems can be dealt with efficiently. The unified ELM simplify and unify different learning methods and different networks, including SLFNs, LS-SVM, and PSVM. However, both the initial ELM and unified ELM do not have sparsity, and require much storage space and testing time. In this paper, a sparse ELM is proposed for classification, reducing storage space and testing time significantly. Furthermore, the sparse ELM is also proved to unify several classification methods, including SLFNs, conventional SVM and RBF networks. Both kernels and random hidden nodes can be used in sparse ELM.
In addition, a fast iterative training algorithm is specifically developed for sparse ELM. In general, for binary classification, sparse ELM is advantageous over SVM and unified ELM: 1) it achieves better generalization performance and faster training speed than SVM and 2) it requires less testing time and storage space than unified ELM. Furthermore, for large-scale binary problems, it has even a faster training speed than unified ELM that has already outperformed many other methods.
